The vibrational excitations of ozone, including both bending and stretching vibrations, are studied in the framework of a symmetry-adapted algebraic approach. This method is based on the isomorphism between the U (2) algebra and the one-dimensional Morse oscillator, and the introduction of point group symmetry techniques. The use of symmetry-adapted interactions, which in the harmonic limit have a clear physical interpretation, makes it possible to systematically include higher order terms and anharmonicities. A least-square fit to all published experimental levels (up to ten quanta) of 16 O 3 and 18 O 3 yields a r.m.s. deviation of 2.5 and 1.0 cm −1 , respectively.
Introduction
Ozone has been the subject of a large number of studies because of its geophysical and atmospheric importance. This molecule has received considerable attention from the point of view of spectroscopic measurements and theoretical calculations [1, 2, 3, 4] . In spite of the high reactivity of the ozone molecule, a rather large number of overtone and combination levels has been identified [1, 2] . These excitations, involve mostly stretching modes, but there is some recent data on overtones involving the fundamental bending mode ν 2 . The ozone molecule is difficult to describe, mainly due to the radically different behaviour displayed by the symmetric ν 1 and antisymmetric ν 3 stretching modes. Whereas ν 1 shows a nearly harmonic behaviour, ν 3 has large anharmonicities.
The spectroscopic constants of ozone have been studied by many authors using ab initio methods.
These methods involve a significant computational effort and have been used to calculate the harmonic frequencies ω i (see e.g. [5, 6, 7, 8] ) and the anharmonic constants X ij (see e.g. [5, 8] ). Whereas the ab initio calculations of [5] give reasonable results for the A 1 modes, the results for the B 2 mode (especially the anharmonicity constants) still show large deviations from experimental values. The more recent calculation of [8] shows much improved results for the anharmonicity constants and includes the DarlingDennison resonance constant, but finds systematically low values for the harmonic frequencies. It was shown that the results for the harmonic frequencies can be improved by including a Coriolis correction.
The standard deviation between these two calculations (without and with Coriolis correction) and 17 observed vibrational energies (up to three phonons and one state corresponding to four phonons) is 94.6 and 8.3 cm −1 , respectively (see Table 5 of [8] ).
Algebraic methods have also been used to calculate the vibrational energies of ozone [3, 9, 10, 11] .
These methods are phenomenological in nature and hence a minimal set of experimental data is needed to determine the interaction strengths [12] . Since the energies and corresponding wave functions are obtained by matrix diagonalization, the required computing time is small compared to that of integro-differential methods that solve the Schrödinger equation in configuration space. Especially for molecules for which the configuration space that has to be included to provide reliable ab initio results becomes very large, algebraic methods provide a numerically efficient, alternative tool to study molecular vibrations. All four applications [3, 9, 10, 11] to ozone were limited to stretching vibrations only. The results presented in [9, 10, 11] were obtained by fitting to the same set of 24 vibrational energies and show a standard deviation from experiment of 23.7, 9.1 and 7.9 cm −1 , respectively. The results of [3] were obtained by fitting 21 vibrational energies with a standard deviation of 3.0 cm −1 .
In this article we present a study of the experimental vibrational spectrum of ozone, including both stretching and bending vibrations, in a symmetry-adapted algebraic approach. This new algebraic approach is based on the use of symmetry-adapted operators, which in the harmonic limit have a clear physical interpretation and which allows to construct systematically all possible interactions up to a cer- The paper is organized as follows. In section 2 we review briefly the main aspects of the U (2) algebraic model for a diatomic molecule. In section 3 we discuss the extension of this approach to the ozone molecule. In section 4 we introduce symmetry-adapted operators and the harmonic limit, which are applied in section 5 to the vibrational energies of the ozone molecule. Finally, in section 6 we present our summary and conclusions.
The U (2) Algebraic Approach
In the framework of the U (2) algebraic approach to diatomic molecules a U (2) Lie algebra is associated with the relative coordinate connecting the two atoms [12, 13] . This assignment is based on the isomorphism of the U (2) algebra and the one-dimensional Morse oscillator [14] . All observables of interest are expressed in terms of the generatorsĜ = {Ĵ x ,Ĵ y ,Ĵ z ,N }, which satisfy the commutation relations
where i = ±, z. HereĴ i satisfy the 'angular momentum' commutation relations of SU (2) andN is the number operator. In particular, the realization of the Morse Hamiltonian in terms ofĜ is given bŷ
with A =h 2 /2µd 2 . In (2) we have used the relationŝ
The eigenstates ofĤ can be labeled by |j, m . The last relation of (3) makes it possible to identify j = N/2.
The quantum number m takes the values m = j, j − 1, . . . , −j, which means that the Morse spectrum is reproduced twice. Therefore, the values of m are restricted to be nonnegative m = N/2, (N −2)/2, . . . , 1/2 or 0 for N odd or even, respectively. The eigenfunctions are usually written as
Here N is the total number of bosons fixed by the potential shape [12, 13] and v corresponds to the number of quanta in the oscillator. N and v are related to the usual labels j and m by
The energy eigenvalues of (2) take the form
which corresponds to a Morse-like spectrum. The correspondence can also be established directly by starting from the radial equation of a two-dimensional harmonic oscillator and carrying out a point transformation which leads to the one-dimensional Morse Hamiltonian [14] .
We now turn our attention to the harmonic limit of the model. In the harmonic oscillator the number of bound levels is infinite. Since according to (5) 
, an infinite number of bound states corresponds to taking the limit N → ∞. In order to study the harmonic limit we scale the parameter
Hence in the harmonic limit the eigenvalues of (6) reduce to
This shows that in the algebraic approach the harmonic limit is obtained by taking N → ∞.
Algebraic Approach to the Ozone Molecule
We now present the application of the algebraic model to the case of the ozone molecule. In accordance to the previous section a U i (2) algebra is assigned to each internal coordinate. As shown in Figure 1 for the ozone molecule, these are associated with the three relative coordinates (i = 1, 2, 3). The point group symmetry associated with the ozone molecule is C 2v . In this case, however, it is possible to limit ourselves to the group C 2 since for a triatomic molecule the three nuclei define a plane. On the other hand, the
Hamiltonian is expressed in terms of operators which are labeled by the interatomic interactions. This makes it possible to use the permutation group S 2 instead of C 2 . We shall use the isomorphism
In this article we use the S 2 labeling: the S 2 group has two one-dimensional irreducible representations, which are associated with symmetric (A) and antisymmetric (B) modes, respectively.
A normal mode analysis shows that the ozone molecule exhibits three normal modes, two of them corresponding to the fundamental stretching modes (A 1 , B 2 ), and the other to the fundamental bending mode (A 1 ) [15] . The algebras U i (2) with i = 1, 2 describe equivalent O-O interactions, while the third one with i = 3 is associated with the bending mode. In the latter case it may be more appropriate to interpret the U (2) algebra as associated to a Pöschl-Teller potential [16, 12] . The molecular dynamical algebra is then given by the product
which means that every operator in the model is expressed in terms of the generators of the U i (2) groups [13] . The most general one-and two-body Hamiltonian for the O 3 molecule which conserves the phonon number, can be written in terms of three kinds of operators:Ĵ 2 z,i , representing the noninteracting onedimensional Morse oscillators, plus two types of bond-bond interactions,Ĵ z,iĴz,j andĴ i ·Ĵ j . For our purposes, it is convenient to introduce the combinationŝ
The operatorĤ i corresponds exactly to the Morse Hamiltonian of (2) . If in addition we impose the invariance under the permutation group S 2 , the Hamiltonian can be expressed in terms of the interactionŝ
Since the interaction terms of (11) are invariant under the S 2 group, the corresponding wave functions automatically span the irreducible representations of this group [17] .
The Hamiltonian of (11) can be diagonalized in the local basis, which is associated to the subgroup chain
where below each group we have indicated the quantum numbers characterizing the eigenvalue of the corresponding invariant operator. The S 2 symmetry is reflected in the fact that the number of bosons for the two stretching modes is the same N 1 = N 2 . The number of bosons for the bending mode is N 3 .
The quantum numbers v i denote the number of phonons in each oscillator. The total number of phonons
is conserved by the Hamiltonian of (11) . Fermi resonances which involve nondiagonal matrix elements in the total number of phonons are not taken into account in the present analysis. The matrix elements ofĤ i ,Ĥ ij andV ij in the local basis of (12) are given by
The local mode basis (12), however, does not carry the irreducible representations of the appropriate point group. From this point of view it is more convenient to use a symmetry-adapted basis from the beginning. This can be done either by projecting the V -phonon states to the various symmetry species directly, or by first considering the one-phonon states and then constructing the higher-phonon states by means of coupling coefficients. The latter procedure has the advantage of directly providing the symmetry labels [18] . We present here a brief discussion of this procedure for the particular case of ozone. From the one-phonon local functions
we readily obtain the normalized symmetry-adapted functions
where we have introduced the notation V Ψ Γ for the wave functions. The label Γ denotes the point group symmetry. The states 1 ψ As and 1 ψ Bs correspond to the fundamental symmetric and antisymmetric stretching modes, respectively, while the function 1 ψ A b corresponds to the symmetric bending mode.
The higher-phonon wave functions can be obtained through the coupling [17] V1+V2
In this case the procedure is trivial, since the Clebsch-Gordan coefficients C(; ) for the S 2 group are either zero or one. The coupled wave function corresponds to a total number of phonons
This approach to construct the function space directly provides spectroscopic labels and simplifies the diagonalization procedure by splitting the Hamiltonian matrix into blocks, which are characterized by their transformation property under the point group. In this example the analysis is very simple, due to the absence of degenerate modes. The Hamiltonian matrix thus splits into two blocks, corresponding to the A and B irreducible representations of S 2 .
The use of the symmetry-adapted basis becomes more important in the presence of degenerate vibrational levels and/or spurious modes, such as for D 3h triatomic or larger molecules [18, 19] .
Symmetry-Adapted Operators and Harmonic Limit
The interaction terms of (11) do not all have a clear physical interpretation and are usually not convenient from a numerical point of view (i.e. in finding the minimum in a least-square fit to the data). Both problems can be surmounted by rewriting the algebraic model interactions in a symmetry-adapted form, which in the harmonic limit reduces to definite coordinate-space interactions. This connection between algebraic and coordinate-space operators provides a physical interpretation of algebraic Hamiltonians.
The general procedure is discussed in [19] in an application to Be 4 . Applying the same procedure to the interaction terms of (11) we find the linear combinationŝ
Just as for the Hamiltonian of (11), these interaction terms are all scalars under S 2 . We now rewrite the algebraic Hamiltonian of (11) aŝ
The advantage of this symmetry-adapted formulation becomes clear by considering the harmonic limit.
In order to analyze the harmonic limit of the operators appearing in (17), we first consider this limit for the generators of SU (2) which satisfy the commutation relations (1). The action ofĴ ± is given bŷ
where | [N ], v was defined in (4). If we rescale the operatorsĴ ± by √ N and take the N → ∞ limit, we
The r.h.s. corresponds to the harmonic oscillator relations
This is in agreement with the role played by N in (6) and (7), i.e. for infinite potential depth the Morse potential cannot be distinguished from a harmonic potential. The commutation relation [Ĵ + ,Ĵ − ] = 2Ĵ z can be rewritten as
where we have usedv = (N − 2Ĵ z )/2 (see Eq. (5)). Hence the harmonic limit (N → ∞) leads to the contraction of the SU (2) algebra to the Weyl algebra generated by b, b † and 1 [20] , with the usual boson
The procedure to arrive at the harmonic limit of the model is now clear: eachĴ +,i andĴ −,i is rescaled by √ N i before taking the N i → ∞ limit. We then get 
The creation operators b † Γ are given by
and similar expresions for the annihilation operators. These operators satisfy the usual boson commuta- Figs. 2 and 3 we show the dependence of the eigenvalues ofĤ As and Ĥ A b on N 1 and N 3 , while in Fig. 4 the results forV 1 for the two and three-phonon manifolds are shown.
H Bs andĤ As have the same dependence on N 1 . In all cases the N i dependence vanishes in the harmonic limit. The behaviour ofĤ AsA b andV 2 is similar, but they have a more complicated dependence on both N 1 and N 3 . Relations (24) allow a direct comparison between the algebraic model parameters and those obtained from force-field calculations [19] .
Besides providing a clear connection with coordinate space interactions in the harmonic limit, the interaction terms in (18) have a definite numerical advantage. In a fitting procedure to experimental vibrational energies the convergence is greatly improved when we replace the Hamiltonian of (11) by that of (18) . It is also possible to consider the relations (23) in the opposite sense. Given a function of the harmonic operators b i and b † i , its anharmonic representation can be found by substitution by the operatorsĴ + / √ N andĴ − / √ N , respectively [19] . This provides a systematic procedure to construct an algebraic (anharmonic) realization of a given operator in configuration space. In the electronic ground state the symmetric modes of ozone have the property of being almost pure stretching or bending modes [3] . Therefore we can simplify the Hamiltonian of (18) by neglecting thê H AsA b term, which strongly couples the symmetric bending and stretching modes (as can be seen from its harmonic limit in (24)). Furthermore, the strong anharmonic behavior of the antisymmetric ν 3 mode suggests that higher order terms associated to this mode have to be taken into account in order to obtain results of spectroscopic quality. The possibility of incorporating specific corrections to a given mode is one of the main advantages of the use of symmetry-adapted interactions. Here we propose to use the following Hamiltonian to analyze the vibrational energies of ozonê
This Hamiltonian has seven adjustable parameters, plus two boson numbers, 
where n is the total number of energies in the fit and n p the number of parameters fitted. The values of the fitted parameters are presented in the second column of Table 1 . In Table 2 we compare the results of our calculation with the experimental energies, while in Table 3 we present the predicted energies for levels up to ten quanta which have not yet been observed. For a triatomic molecule with C 2v symmetry the usual notation for the vibrational labels corresponds to the spectroscopic (or normal) basis (ν 1 , ν 2 , ν 3 ) [15] . In the tables we give the maximum component of the states in the normal and in the local basis.
This has the advantage of permitting a selection of the appropriate labeling scheme in the presence of strong mixing. In general our theoretical assignments coincide with the experimental ones. At high phonon numbers, however, the strong mixing makes a unique assignment difficult. Although for most of the levels the spectroscopic (or normal) labels are well determined, there are some levels with a strong local character. Our assignment of the stretching modes coincide with that of the analysis presented in [11] .
In addition we have carried out the same fit in the harmonic limit (N 1 , N 3 → ∞) of our model (see fourth column of Table 1 ). This calculation takes into account the harmonic counterparts of the operators in Hamiltonian (26). Equation (24) shows that in this case the contribution of the β 1 and β 2 terms vanishes. The r.m.s. deviation increases from 2.5 to 73 cm −1 . This shows that the strong anharmonicities that are present in the data can be accounted for in our approach by means of the terms proportional to β 1 and β 2 , which do not have a counterpart in the harmonic limit, and only two anharmonicity constants, γ 23 and γ 33 .
In previous calculations of ozone, both ab initio [5, 8] and algebraic [3, 10] , it was found important to include in addition to the harmonic frequencies ω i and the anharmonicity constants X ij , a DarlingDennison coupling. We have repeated the previous calculation, but now including the nondiagonal contribution of a Darling-Dennison type coupling which is quartic in the generators [10] 
whereĴ
In a fit to the same 44 levels (up to ten phonons) we find very little evidence for the need of such a coupling in addition to the interaction terms already present in the Hamiltonian of (26): the value of the Darling-Dennison coupling strength found in the fit is very small, γ = −0.074 cm −1 and the r.m.s.
deviation is 2.6 cm −1 , compared to 2.5 cm −1 in the calculation of Table 2 which does not include this coupling. The purely anharmonic interactions in the algebraic model seem to play a similar role to that of (28).
Previous calculations of ozone with algebraic models have been limited to the stretching vibrations only [3, 9, 10, 11] . The results presented in [9, 10, 11] were obtained by fitting to the same set of 24 vibrational energies and show a standard deviation from experiment of 23.7, 9.1 and 7.9 cm −1 , respectively. The results of [3] were obtained by fitting 21 vibrational energies with a standard deviation of 3.0 cm −1 . This is to be compared to a standard deviation of 2.4 cm −1 in our calculations which include both bending and stretching vibrations, and significantly more experimental data (a total of 44 vibrational energies).
On the other hand, the spectroscopic constants of ozone have been studied by many authors using ab initio methods. A recent calculation [8] shows very good agreement for the harmonic frequencies ω i , the anharmonicity constants X ij , and the Darling-Dennison resonance constant γ, as compared to the values extracted from experiment (up to four phonons) [4] . The standard deviation between the vibrational spectrum generated from these constants and 17 observed vibrational energies (up to three phonons and one state corresponding to four phonons) is 8.3 cm −1 (see Table 5 of [8] ). When we repeat this calculation and extend it to the vibrational energies corresponding to the 44 experimental values of Table 2 , however, the standard deviation increases to 53.2 cm −1 . In a calculation in the harmonic limit in which the ω i , X ij and γ are fitted to the 44 experimental vibrational energies of ozone, we find a standard deviation of 2.3 cm −1 , which is comparable to the fit presented in Table 2 .
Finally Table 4 ). This is of the same accuracy as our fit to 16 O 3 which has a r.m.s. deviation of 2.5 cm −1 . In a second calculation we keep the boson numbers fixed at N 1 = 87 and N 3 = 72 and fit the remaining seven parameters to the data. The result is a fit with a r.m.s. deviation of 1.0 cm −1 (see third column of Table 4 ). The parameters for 18 O 3 are shown in Table   4 , and the calculated vibrational energies are compared to the experimental data in Table 5 . In Table 6 we present the predicted energies for levels up to four phonons which have not yet been observed. The two calculations presented in Tables 5 and 6 correspond to the parameter sets given in the second and third column of Table 4 . The maximum component of the states in the local and normal basis in Tables   5 and 6 correspond to the first calculation.
Summary and conclusions
We have presented a study of the full vibrational spectrum of ozone, including both stretching and An interesting point concerns the role of the Darling-Dennison coupling between the stretching modes.
In our analysis of the experimental vibrational energies up to ten phonons we find no need to include this coupling explicitly in addition to the interaction terms already present in the algebraic Hamiltonian. The strong anharmonicities that are present in the data can be accounted for in our approach by means of the terms proportional to β 1 and β 2 , which do not have a counterpart in the harmonic limit, together with the anharmonicity constants, γ 23 and γ 33 . In a calculation in the harmonic limit all six anharmonicities as well as a Darling-Dennison coupling have to be included to achieve a fit of comparable quality.
The main difference between the present model and previous algebraic calculations is the use of symmetry-adapted interactions, which in the harmonic limit have a clear physical interpretation. It also provides a systematic procedure to incorporate higher order terms which have a selective effect on the various modes. From a numerical point of view the new operators significantly improve the convergence of the fits.
In addition to the energies, the algebraic model provides wave functions, which can be used to compute other observables, such as transition intensities. The algebraic transition operators can be constructed using the connection between algebraic and configuration space operators, which was discussed in [19] with respect to the Hamiltonian operator. An analysis of the infrared band intensities for the ozone molecule is in progress.
Finally, we want to stress that the algebraic method discussed in this paper can be systematically extended to more complex molecules involving degenerate modes [19, 21] . Applications to other polyatomic molecules are under way. We believe that these studies indicate that the symmetry-adapted algebraic model provides a numerically efficient, alternative tool to study molecular vibrations, which can be particularly useful when no ab initio calculations are available. Table 4 . The experimental data are taken from [20] . Energies and r.m.s. are given in cm −1 . arXiv:chem-ph/9605001v1 9 May 1996 
